A Sharp Upper Bound for Region Unknotting Number of Torus Knots 



Vikash. S'^, Madeti. P^'* 

"^Department of Mathematics, IIT Ropar, Rupnagar- 14-0001, India. 
''Room No. 207, Department of Mathematics, IIT Ropar, Rupnagar - I4OOOI, India. 



Abstract 

Region crossing change for a knot or a proper link is an unknotting operation. In this paper, we 
provide a sharp upper bound on the region unknotting number for a large class of torus knots and 
proper links. Also, we discuss conditions on torus links to be proper. 
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1. Introduction 

The unknotting number u{D) of a knot diagram D is the minimal number of crossing changes 
required to unknot D and the unknotting number u{K) of a knot K is given by u{K) = inf{u{D) : 
D is a knot diagram of K}. It is not easy to calculate u{K), because it is taken over an infi- 
nite number of diagrams of K. Unknotting number lead to consider different types of unknotting 
operations i.e., the local transformations on link diagrams which can transform the knot diagram 
into a trivial knot diagram. It was shown that ft-operation |i4j, ^-operation |t7j, 3-gon operation j^, 
H(n)-operation [11] and n-gon [10] operations are unknotting operations. 

Recently, Ayaka Shimizu [2] proposed an unknotting operation for knots called region crossing 
change. In this operation, to be a knot and D be any diagram of K, then a region crossing 
change at a region R of diagram D is defined to be the crossing changes at all the crossing points 
on dR. The region unknotting number ur{D) of a knot diagram D is the minimal number of region 
crossing changes required to transform D into a diagram of the trivial knot without Reidemeister 
moves. The region unknotting number Uf;{K) of K is defined to be the minimal uji{D) taken over 
all minimal diagrams D of K. 

In general, for links, the region crossing change is not an unknotting operation. In [2], Ayaka 
Shimizu considered the standrard diagram of Hopf link and showed that it cannot be transformed 
into a diagram of trivial link by region crossing changes. In [8j and [12] Cheng Zhiyun defined a 
link L = i^i (J K2 U ■ ■ ■ U to be proper if for each i, 1 < i < n, X^jyj lk{Ki, Kj) = {mod 2) 
and proved that region crossing change on a link is an unknotting operation if and only if the link 
is proper. 

The region unknotting number is intuitive and attractive for knot theorists and it is not sur- 
prising that there is no algorithm to compute it for a given knot or proper link at the moment. 
In [2], [3], Ayaka Shimizu showed that for a twist knot K, ur{K) = 1 and for torus knots of type 
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Er(2,4m lb 1), Ufi{K{2,4m it 1)) = ni, where m £ Z+. As the unknotting number for torus knots 
is already known [5], |6], it would be worth attempting to find the region unknotting number for 
torus knots. In this paper, we discuss the condition for torus links to be proper and provide a sharp 
upper bound for a large class of torus knots and proper torus links, including all 2—, 3—, 4—, 5—, 6— 
and 7— braid torus knots/links. 

In Section [2| we discuss the condition for torus links to be proper. In Section [3| we discuss basic 
results, depending on elementary braid relations, which helps to provide a sharp upper bound for 
region unknotting number for torus links. In Section [4j we provide a sharp upper bound for region 
unknotting number of K{p, np + a) torus knots/links, where a = 1, 2, 3, 4, —1, —2, and partially for 
K{p, np + 5) type of torus links. 



2. Conditions for torus link to be proper 

In [T^, Cheng Zhiyun showed that, region crossing change is an unknotting operation on a 
link L = i^i U -^2 U ■ ■ ■ U if o,nd only if ^^i^ii Kj) = (mod 2) for each 1 < i < n. If 
gcd{p, q) = d, we use the notation K{p, q) = Ki\J K2 U " " " U ^d, where each Ki is a component of 
K(p, q). To provide the condition for torus links to be proper, we consider the diagram for K{p, q) as 

n 

a closure of toric braid {aia2 • • • cjp_i)^. Also, we denote i hy Y^n. Given a d-component torus 

i=l 

link K{p,q), the number of crossings between any two components is same i.e., for i ^ j, I ^ m, 
^{Ki n Kj) = ^{Ki n Km). Also, it is worth noting that, for i + j, lk{Ki,Kj) = \^{Ki Q Kj). 



Theorem 2.1. A torus link K(p,q) is proper iff 

pq{d - 1) _ 



^2 



O(mod 2), 



where: d=gcd(p,q). 



Proof. Consider a d-component torus link K(p,q). Since we are considering K{p,q) as a clo- 
sure of toric braid (cji(T2 • • • (Tp_i)'^, each component Ki contains p/d strands. For each bracket 
((Ti(T2 • • • CTp-i), there exists only one i such that ^{Ki f]Ki) = (| — 1). Hence the total number of 
self-intersections is 



i=l 



E«(«<n^.)='(5-i 



d 



Since, 



d 

]\{Ki Pi Kj) = total no of crossings — ^{Ki P| Ki 

i^j i=l 



we have 



Because ^{Ki Kj) = ^{Ki Km), for any i ^ j,l ^ m, we have 

E «(^^ n = n ^2)) . (2) 



2 



Thus, from (1) and (2), for any i / j 

Since all crossings in K(p, q) are positive, for fixed n 



2 

Hence, a torus link K{p,q), where d=gcd(p,q), is proper iff 

P^^^ = 0(W 2). □ 

Corollary 2.1. Let K{p,q) be any d-componant torus link where p = 2"^k and q = 2"A;', where 
m and n are the highest powers of 2 in p and q, respectively. Then K{p, q) is proper iff either 
m = n = or m ^ n. 



3. Preliminaries 

To find the sharp upper bounds on the region unknotting number of torus links, we use the 
following: 

Theorem 3.1. (^], Theorem 3.1) For every p, the p-braid 



crio'2 ■ ■ ■ CTp-i aia2 ■ ■ ■ Tp-2(7p^i o-i(J2 ■ ■ ■ <7p}2^p-^i ■ ■ ■ ^<^2 ^ ■ ■ ■ ^p-l 

y 



1 

is a trivial p-braid. 



Remark 1. Using Theorem 3.1, we observe the following: 
(i) For every p, the p-braid 



p-l 



is a trivial p-braid. 

(ii) The closure of n + 1 braids 



and 



are trivial links. 



criCJ2 • • • an-ic^n^ aia2 ■ ■ ■ o-^^icr^^ • • • cj;^ ^ • • • cr„ ^ 

■' ^ ■' 



o'icr2 - ■ ■ crn-icrnO-ia2 - ■ ■ (Tn-iCTn^ ■ ■ ■ aia2^ ■ ■ ■ o-^^ 

^ y^ ' V 
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Lemma 3.1. For every p and a, where p > a, the p-braid 

r/iKp-i r]2'^p-2cr~}i ■ ■ ■ Vu-ik p-a-if^J,!,,-'! ■ ■ ■ ^/7-i '/"%-a+i ■ ■ ■ Markov equivalent ofr}[r]2 • • • ?7^, 

1 2 a-1 a 

w;/iere r/^ = • Vf • • • a^^7_T^ . = ii^p-a" gij = ±1, for i = 1,2, ... ,a; j = 1,2, ... ,p - a 
and Kj = (Jp^a+iO'p-a+2 ■■■o-j. 

Proof. Using fundamental braid relations, we observe that 

' V ' ^ ^ ' 

1 2 a-1 a 

I „9\,p-a „32,p-a —1 _9a,p-a — 1 —1 



ivA iL-p—a -it- 
T 



V . ' ' 

12 a 



I 91,p-a t 92,p-a —1 / —1 —1 Qa.p-a 

^MVlf^p-a l^p-2V2'^p-a '^p-3Crp-2 ' ' ' Va(^p-a ' ' ' ^p-2 ^p-1 (^p-2 ■ ■ ■ CTp-a 

V . ' V ' 

12 a 

-M vK-^7''^p-2 ^20t-a^*^p-30--2 ' ' ' v'a-l^-a'-' ^;-a+l<'p-a+2 " " " ^p-2 ^a- 

V '"^ V ' ^ ' 

1 2 o-l 

Continuing the same procedure after a — 2 steps, we obtain 

/ 9l,p-o / 92,p-a —1 / 9a-2,p-a —1 —111 

^MVl<7p-a «^p-3%Va '^p-^<^p-3 ' ' ' Va-2<^p-a C^p-a+l' ' ' ^p-3^a-lVa- 

. '"^ ' ^ ' 

1 2 a-2 

After ^(a — 3) steps, this p-braid is Markov equivalent of 77^772 • • • ??a- D 
Lemma 3.2. For any two even numbers p and q with p > q, 

riiKir]2K2 ■ ■ ■ r]qHiq ~M '?i??2 ' ' ' Hq, 

where rji = ViC^pl^q'" and r(^ = erf 'V^''' • • • a^pJ'q'J'i^ ; and m = ap}g^-^a~}g^2 ' ' ' (^p-Vp-i+i • • • <^p-i 
with gij = ±1 for i = 1,2, ■ ■ ■ ,q and j = 1,2, ■ ■ ■ ,p — q. 

Proof. Using fundamental braid relations we observe that 

m(^p-q+l ■ ■ ■ <^p\ mf^p-q+l ■ ■ ■ '7p-2^p-l ■ ■ ■ Vq<^p-q+l ' ' ' (^p~l 
^ '"^ ^ ■' ^ ' 

12 Q 

~M mO-p-g+1 • • • <^p-2 m(^p-q+l ■ ■ ■ <yplz'^p-2 Cr~liCfpl2 ' ' ' 'Hq'^p-q+l " " " f^p-l 
^ ^ ' V ' 

12 Q 



mC^p^q+l ■ ■ ■ ^p-2 m(^p-q+l ■ ■ ■ <^p-3<^p-2 " " " V'q^^p-q ' ' ' <^p-2 (Tp^iCT^^^ " " " V 



??lO-p-g+l ■ • • Crp-2 V2Crp-q+i ■ ■ ■ (Tp_^(Tp-2 ■ ■ ■ rjq-iap-q+l ■ ■ ■ ap-2 Tjg. 
^ '"^ . ' V ' 

1 2 9-1 
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Continuing the same procedure after q — 2 steps, we obtain 



1 2 g-1 

After ~ 3) similar steps, this p-braid is Markov equivalent of r][rj2 ■ ■ - ilq- C 

Lemma 3.3. Let = 'Vf • • • C7^'4"^ where gj^k = ±1, 1 < j < 2. T/ien 
Proof. Consider that 

a 91,v-i a S2,p-4 —1 —1 

Plf^p-i 0-p_3/?20-p„4 0-p„30-p_3Crp_2<Tp_3 

Pl<7p_4 P2 '7p_4'7p_3 <7p-4 

~M A/32- 

Lemma 3.4. // p(> 4) = or ±2 (mod 6), i/ten i/te closure ofa^^a2^ ■ ■ ■ cTp^ifrf 'Vf • • ■ C7^!:r' 
erf 'Vf • • • (Tp!:^"^ is a trivial link. Here 

g2,j = -lforje{p-2,p-3,p-8,p-9,--- ,p - 2 - 6{[P-^\ - l),p - 3 - 

93,j = -1 for j e{p-3,p-4,p-9,p- 10,- ■■ ,p-3- - - 4 - 6(Le=^J)}. 

Proof. By using fundamental braid relations, we obeserve that the p-braid o-{"^o-^^ ■ • ■ cr^^icf 

4'-' ■ ■ ■ 'T^^r'^f ''^f • • • ^p~T' is Markov equivalent of 
Case 1. If p = {mod 6), 



1 2 3 

^ V ^ ' ^ ^ ' 

1 2 3 

~M (^i^(^2^ ■ ■ ■ o'pl^'^i^^ ■ ■ ■ o-p-4 cria2^ ■ ■ ■ cr~igcrp_8 • • • ap-5a~\ 

V ''^ ^/ ' 

1 2 3 

~M (^l^(^2^ ■ ■■'^p-5 <7i(72(73 ^ • • • 0-p_5 (Tia^^ • ■ ■ Up-'jUp-Qa~}_^ap-4ap-^U~^Q 
1 2 3 

~M oT^<7^^ ■ ■ 'f^p-e o"i<720-3 ^ • • ■ ap-7ap-Qap-5a~}Q uio-g ^ • ■■ap-gap-r 
. ' —-^ . ' 

1 2 3 

~M cr^^cr^^ ■ ■ ■ CTplj 0-10-2 • • • CTplgCTpls^p-i cria^^ ■ ■ ■ a:p\Qap\op-s<yp--j 

V V ^ ' 

12 3 



Case 2. If p = 2 {mod 6), then 



^'^2 ^^3 ^"^4 ^'^5 ^"^6 ^^7 ^cri'^20"3'740'5 ^CTg ^<^70'icr2a3cr4 ^cTg ^a^ar- 
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Case 3. If p = —2 (mod 6), then 

^1 ^^2 ^^3 ^^1 ^^2 "'^'^s'^r^'^scs- 
It is easy to observe that closures of these braids are trivial links. □ 

Lemma 3.5. The closure of the braids 



and 

aiGi-i ■ ■ ■ (TjCr'^aT-}^ ■ ■ ■ crj^;if i > j 

are trivial links. 

Proof. The proof directly follows from the elementary braid relations. 



Remark 2. If we take i = 1 and j = n in Lemma 3.5 then the closures of n + 1-braids 



and 

are trivial links. 

4. Sharp upper bound for region unknotting number of torus knots 

Let K be any knot/link and c{K) be the crossings number of k. Then by [2], the trivial upper 
bound for region unknotting number of knot/link K is ur{K) = {c{K) + 2)/2. In case of torus 
knots/links K{p, q), this trivial upper bound is ur^K) = {{p — l)q + 2)/2. 

In most cases, to find a sharp upper bound for region unknotting number of torus links K{p, q) 
with p < q, we consider K{p,q) as a closure of (o"i(T2 • • • (Jp_i)^. In particular, we consider the 
diagram and mark the regions as shown in Figure 1(a). Another diagram we consider for K{p,q) 
where (q=np+4), is the closure of the braid {aia2 • • • o"p-i)"^(o'iiT2 • • • crs)"' o'^as • • • ai cr^a^ ■ ■ ■ 02 - ■ ■ 

■ ■ ■ (Tp_i(Tp_2 • • • (Tp-4 as shown in Figure 1(b), where c and c' are crossing numbers of K{p, up + 4) 

^ V ' 

and K{p,np), respectively. 

Let Xi = {2i{p—l), 2i{p—l) — 2, • • • , 2i{p—l) — 2{i — l)} be the set of i regions in {aia2 ■ ■ ■ Up-iY- 
We use to identify the selected regions throughout the paper. 

Theorem 4.1. For a torus link K{p, q), where q = np or up + 1, we obtain the following: 
1. If p is odd, then 

uniKip,q))<'^^. 



2. If p is even and n is odd, then K{p,np) is not proper and 

UR{K{p,np+ 1)) < 



np^ + 2p 



8 



6 




3. If both p and n are even, then 



URiK{p,q))<'^. 



Proof. Consider K{p, q) as the closure of {cria2 • • • Up-iY, as shown in Figure 1(a). Then, 
Case 1. If p is odd, then we select {{i — l){p — l)p + {Xi,X2, • • • , -^^ehI }}!Li regions so that after 

2 

making region crossing change on these regions, we obtain 

(/xi/i2 • ■■l^pT;ifq = np, 
(^i/X2 • • • fip)'"'fii;ifq = np+l 

where fii = a\a2 ■ ■ ■ o'p-i<7p_lj_,_]^cTp_^.^2 " " " '^p-i- But (/ii^2 • • • A*p)" is a trivial p-braid by Theorem 



3.1[ Hence, the closure of the resultant braid is a trivial link. 

n{p'^ — 1) 



Observe that the number of region crossing changes is equal to n ^ ( ) = "^^g . So 



UR{K{p,np)) < 



8 



Case 2. If p is even and n is odd, then that K{p, np) is not proper follows from Theorem 2.1 and 
for K{p,np + 1) we select the regions {{i — l){p — l)2p + {Xi,X2, • • • ,Xp, {{p — l){2p — 1) + 1) — 

71-1 

{Xi,X2, • • • , Xp^}}}-^^ , (n — l)p{p — 1) + {Xi,X2, • • • , Xe}- Then, after making region crossing 
change on these regions, we obtain 

(/il/i2 • • •/UpI^lZ^2 • • • Vp)^ 111^12 ■ ■ ■ flp-l^lpfip 

where m = aia2 ■ ■ ■ crp-i(T~}-_^_^a~}-_^_2 ■ ■ ■ cr^}^ and i^i = (t^^ct^^ ■ ■ ■ a'^Up-i+i ■ ■ ■ Op-i. Note that 



is a mirror image of /Xj. Observe that 111^2 ' ' ' fJ-p and z^if2 ■ ■ ■ i^p are trivial p-braids by Theorem 3.1 
and Remark [TJ Hence, the closure of the resultant braid is a trivial link. 
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q+2 




Figure 2: Minimal diagrams for K{2,q) 



Observe that the number of region crossing changes is equal to ^"2 (Xl 2 S ^2^) + S 2 



^^2^. Thus, 



UR{K{p,np+ 1)) < 



np + 2p 



Case 3. If both p and n are even, then we select {(i — l)[p — l)2p + {Xi, X2 



,X,,((p-l)(2p- 



l) + l)-{Xi,X2, 

regions, we obtain 



' ^Eii2 regions so that after making region crossing change on these 

2 

(/"iAi2 • • • lJ'pi'iV2 ■ ■ ■Vp)'^]ifq = np, 



orem 



where = 0^02 ■ ■ ■ ap-ia^li^^apl^^^ ■ ■ ■ cjp_\ and Ui - u-^ ^p_, 
3.1 and Remark [T| the closure of the resultant braid is a trivial link 



o-„J,(Tp_i+i • • • ap-i. So by The- 



Observe that the number of region crossing changes is equal to f (X] i + 



P-2 n 
2 ' 



^. Thus 



UR{K{p,np)) < 



np 



□ 



Observe that the unknotting number of K{p, np) and K(p, np + 1) are identical. Also, the 
number of crossing changes due to the region crossing changes prescribed in Theorem |4.1| for proper 
K(p, np) and K{p, np + 1) torus links is equal to the unknotting number for K{p, np). 

Remark 3. Consider a proper K{2,q) torus knot/link then, the only possible minimal diagrams 
for K{2,q) are the closures of al, as shown in Figure 2. In any case, the region crossing change at 
{q + 1)*^ or {q + 2)*^ region provides us the mirror image of K{2, q). The region crossing change at 
any other region provides us K{2, q — 4). Hence, it is easy to observe that ur{K{2, q)) = [^j^J . 

Theorem 4.2. For torus links K(p,np + a), where a is odd and p = or it 1 (mod a), n > 1. 
Then, we obtain the following: 



1. If p is odd, then 

UR{K{p,np + a)) < 

2. If both p and n are even, then 



n{p'^ 



+ 



p+l 



UR{K{p,np + a)) < 



np 



+ 



p+l 
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Proof. Consider K{p, np + a) as the closure of {(Tia2 ■ ■ ■ a 



p-i 



\np+a 



as in Figure 1(a). Then, 



Case 1. If p is odd, then we select {{{i — l){p — l)p + {Xi,X2, ■ ■ ■ , Xp-i — 1) 



[E+ij_l 

,Xa-i}}jJ^ } regions so that after making region crossing changes at these 



ja) + {XuX2, 

regions, the closure of the resultant braid is a trivial link by Theorem |4.1[ RemarkfTland Lemma 3.1 



Observe that the number of the regions selected is + [^^J J2 

Thus, 



»(p -1) I I p+l I g^-l 
8 L a J 8 • 



UR{K{p,np + a)) < 



n{p^ 



+ 



p+l 



1 



Case 2. If both p and n are even, then we select {{{i — l){p — l)2p + {Xi, X2, • • • , Xp ,{{p — l){2p — 

H |E±i|_l 

l) + l)-{Xi,X2,--- ,X^}}}l^^,{{np{p-l)-ja) + {Xi,X2,--- ,^£^}}jLo } regions so that 
after making region crossing changes at these regions, the closure of the resultant braid is a trivial 
link by Theorem |4.1[ Remark [T] and Lemma |3.1[ Observe that the number of regions selected is 



T + L^J^- Thus, 
ur{K{p, np + a)) < -— + 



p + l 



a 



□ 



Theorem 4.3. For torus links K(p, np + a), where a is odd and p = 2 {mod a), n > 1, we obtain 
the following: 



1. If p is odd, then 

UR{K{p,np + a)) < 

2. // both p and n are even, then 



n{p'^ 



p-2 
a 



8 



+ 



a + 2 
4 



np p 

ur{K{p, np + a)) < — ^ 



+ 



a + 2 



Proof. Consider K{p, np + a) as the closure of {aia2 ■ ■ ■ o"p_i)"P"''° as in Figure 1(a). Then, 
Case 1. If both p and a are odd, then 3ms NU {0} such that a = Am + 1. We select {{(i — 1)(|? — 

l)p + {Xi, X2, • • • , Xh^}}^!, {(np(p- 1) - ja) + X2, • • • , X a_-.]]%'\ {{np + l){p-l) + 1 + 

4:k{p — 1)}^Zq} regions so that after making region crossing changes at these regions, the closure 
of the resultant braid is a trivial link by Theorem 4.1 and Lemma [3.1[ Observe that the number of 
selected regions is n ^ 



p-l I p-2 
2 a /-/ 



+ Thus, 



UR{K{p,np + a)) < 



n{p'^ 



8 



a y 8 

a2 



+ 



a + 2 



Case 2. If both p and n are even and a is odd, then 3 m € N U {0} such that a = Am + 1. We select 

n 

{{{i-l){p-l)2p+{Xi,X2, ■ ■ ■ ,Xe, ((p-l)(2p-l)+l)-{Xi,X2, • • • {(np(p-l)-ja) + 



p-2 



{Xi,X2, • • • , Xa-i}} , {{np+l){p— 1) + 1 + 4A;(p — 1)}^Q } regions so that after making region 



crossing cha nges at these regions, the closure of the resultant braid is a trivial link by Theorem 4.1 
and Lemma 



3.1 



p-2(a'^-l 



a y 



Observe that the number of selected regions is ^ (^ f + E + E + 

4 



m 



+ L^l. Thus, 



ur{K{p, np + a)) < n— H ( — - — | + 



1 



a + 2 



□ 
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Theorem 4.4. For torus links K{p,np + a) where a is even, n is odd and p = {mod a), we obtain 
the following: 

ur{K{p, up + a)) < . 

Proof. Consider K{p,np + a) as the closure of (cji(T2 • • • crp_i)"P+" as in Figure 1(a). Then, we 

n-l 

select {{{i-l){p-l)2p + {XuX2r-- , {{p - l){2p - 1) + 1) - {Xi, X2, ■ ■ ■ , X ,_^}}} , {n - 

2 2 

l)p{p-l) + {Xi,X2,--- ,XE,{ja + (p + a- l)(p- 1) + 1 - {XuX2,--- ,Xa^}}j~^}} regions 
so that after making region crossing changes at these regions, the closure of the resultant braid 
is a trivial link by Theorem |4.1| and Lemma |3.2[ Observe that the number of regions selected is 

^ (E(i) + E(^)) + E(i) + f E(^) = ^ + ^ + f (^) • Thus, 

np'^ + ap ^ 

UR{K{p,np + a)} < ^ . □ 

o 

Theorem 4.5. For torus links K{p, up — 1) with n > 2 

1. If p is odd, then 

UR{K{p,np-l))< ''^P\~'^\ 

o 

2. If p is even and n is odd, then 

(i^( i\w ~ '^P 
ur{K{p, up - 1)) < ^ . 

3. // both p and n are even, then 

UR{K{p,np- 1)) < 

Proof. Consider K(p, up — 1) as the closure of (o"i(T2 • • • fTp_i)"^'~^ as in Figure 1(a). Then, 
Case 1. If p is odd, then we select the regions {{i — \){p — \)p + {Xi, X2, • • • , -^p=i }}7=i > ((^ ~ 

l)p — l){p — 1) + {Xi, X2, • • • , Xp-i] so that after making region crossing change on these regions, 

2 

we obtain 

{^^l^^2 ■ ■ ■ Mp)"~ V2Ai3 • • • 

where = cria"2 • • • crp_j(T~_l^^]^(T~_^^_,_2 • • • By Theorem 3.1 and Remark [l| the closure of 

(/ii/i2 • • • /^p)"~"^Ai2^3 • • • /ip is a trivial knot. 

Observe that number of crossing changes is (ra — 1) ^ 2zl _|_ ^ EzlL = Thus, 

UR{K{p,np+l))<'^^^^^ 

Case 2. If p is even and n is odd, then we write K{p, up — 1) = K{p, (n — l)p + {p — 1)), where 
both p and n — 1 are even. This result follows from Theorem |4.2[ 

Case 3. If both p and n are even, we select the regions same as we selected for K{p, np) in Theorem 



4.1 After making region crossing changes on selected regions, we are left with 

(/"l/"2 • • • ■ ■ ■ t'p)^/^lAi2 • • • Mpi^lZ^2 • • • i^p-l- 

By Theorem 3.1, Remark [T] and Lemma |3.1[ its closure is unknot. Observe that the number of 
region crossing changes is n (j^^- Thus, 

2 

Tip 

UR{K{p,np)) < -—. □ 
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Theorem 4.6. For torus links K{p, np + 2) with n > 1 
1. If p is odd, then 

ur{K{p, np + 2)) < ^ + 



p+l 



2. If p is even and n is odd, then 



UR{K{p,np + 2)) < 



np + 2p 



3. If both p and n are even, then 

(a) if p = 4m + 2 for some m, then K{p, np + 2) is not proper. 

(b) if p = 4:m for some m, then 



un{K{p,np + 2)) < 



np^ + 2p 



Proof. Consider K{p^ np + 2) as the closure of (o"icr2 • • • cTp-i)"^"'"^ as in Figure 1(a). Then, 
Case 1. If p is odd then 3 m G N U {0} such that p = Am it 1. We select {{i — l)(p — l)p + 
{Xi,X2,-- - , Xp-i }}^^-^, {(np + l){p — 1) — Aj}Y~f^ regions so that after making region crossing 

change on these regions, we obtain by Theorem |3 . 1 1 and Lemma 3.3 that 



CTiO-20-30-4 Vi(T2Cr3 V4 ^; if p = Ani+ 1, 

(Tia2^(T^^a2^] if p = 4m — 1. 

We observe that the closure of these braids are trivial links. 

Observe that the number of region crossing changes is n^(2^) + m = n(2-^) + [^j^J . Thus, 



ur{K{p, np + 2)) < ^ + 



2 

P+l 



Case 2. If p is even and n is odd, then by Theorem 4.4 



URiK{p,np + 2)) < 



np^ + 2p 



Case 3. If both p and n are even and p = {mod 4), then we select the regions {{i — l){p — l)2p + 

n £ _i 

{Xi,X2,--- ,Xe,((p-1)(2p-1) + 1)-{Xi,X2,--- ,X,_2}}}l^„{inp + l){p-l)-4j}J^^ so that 
by Theorem |3 . 1 1 and Lemma |3.3[ after making region crossing change on these regions, we obtain 

We observe that the closure of this braid is a trivial link. Also, the number of region crossing 
changes is § f f + E ^^^l + I = ^(f ) + f • Thus, 



URiK{p,np + 2)) < 



np + 2p 



But if p = 2 {mod 4), then it follows from Theorem 2.1 that K{p, np + 2) is not proper. 



□ 



Theorem 4.7. Consider torus links K{p, np + a) where a is odd and p = —2 {mod a), n > 1. Then 
we obtain the following: 
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1. If p is odd, then 



uk{K(j>, np + a)) < ^ + ( 1 

2. If both p and n are even, then 



ur{K{p, np + a)) < — — + 1 

a 



{a -2) 



(a -2)2-1 

+ ^ ^ + 



Proof. Consider K{p, np + a) as the closure of (o'icr2 • • • o"p-i)"^^'^ as in Figure 1(a). Then, 
Case 1. lip is odd, then we select {{{i — \){p— l)p + {Xi, X2, • • • , -^ehI }}f=i, — 1) — ja) + 



p+2 



{Xi,X2,--- ,X^}},-^o ,{(np(p-l)-(2±^-l)a) + {Xi,X2,--- , X^}}, {(np + a - 2)(p - 1) + 

(a — 3) — 4/}^^Q regions so that after making region crossing changes at these regions, the closure 
of the resultant braid is a trivial link by Theorem 4.1, Lemma |3.1| and Theorem |4.6[ Observe that 



the number of selected regions is n^(£=^) + - l) (EC^)) + EC^) + Lf 



+ 



+ 



(a-2)^-l 



UR{K{p,np + a)) < 



+ Thus, 
n(p2 — 1) ^ + 2 



a2-l 



8 



+ 



Case 2. If both p and n are even, then we select {{{i — l){p — l)2p + {Xi,X2, ■ ■ ■ ,Xp, ({p 



p+2 



l)(2p-l) + l)-{Xi,X2,--- ,Xp_-2}}}l^^,{{np{p-l)-ja) + {Xi,X2,--- ,^^}},=o AiMP' 



LfJ 



1) - ( a - + {^i,^2,-- - ,X^}},{(np + a - 2){p- 1) + (a - 3) - 4/}[^^ regions so that 
after making region crossing changes at these regions, the closure of the resultant braid is a trivial 
link by Theorem 4.1, Lemma |3.1| and Theorem |4.6[ Observe that the number of selected regions is 

§(Ef + E2^^H^-i) (E(^))+E(^)+LiJ = ^+(2±^-i) (^)+^^^+L3J- 

Thus, 



UR{K{p,np + a)) < 



np 



+ 



p + 2 



1 



8 



+ 



(a -2) 



+ 



a 
L4 



□ 



Theorem 4.8. For torus links K(p, np — 2) with n>2, we obtain the following 
1. If p is odd, then 



UR{K{p,np - 2)) < 
2. If p is even and n is odd, then 



n{p — 1) p — 1 



+ 



UR{K{p,np - 2)) < 



np^ — 2p 



3. If both p and n are even, then 

(a) if p = 2 (mod 4), then K{p, np — 2) is not proper. 

(b) if p = {mod 4), then 



UR{K{p,np -2)) < 



np — 2p 
8 ■ 
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Proof. Consider K{p, np — 2) as the closure of (o"i(T2 • • • fTp_i)"^'~^ as in Figure 1(a). Then 
Case 1. If p is odd, then result hold by Theorem |4.3[ 

Case 2. If p is even and n is odd, then select the regions {{i — l){p — l)2p + {Xi, X2, • • • , Xp ,{{p — 

n-l 

l)(2p-l) + l)-{Xi,X2,--- ,((n-l)p-l)(p-l) + {Xi,X2,-- - ,X,_^}. Then after 

2 2 
making region crossing change on these regions, we obtain 



(/il/U2 • • • /ipZ^ll^2 



-1 



,-1 



where pti = aicJ2 • • • (^p-i(^p-^+l'^p^i+2 

3.1 Remark [1] and Lemma 3.5, the closure of resultant braid is a trivial link. 



' ap\ and 1/,: 



2 /i2^3 • • -/^p-i 
cri^cr2^ ■ ■ ■ a^^^Gp-i+i ■ ■ ■ cjp-i. By Theorem 



Observe that the number of region crossing changes is equal to ^"2 (Xl 5 + S ^2^) + S(^2^! 



^^2^. Thus, 

UR(K{p,np+ 1)) < 
Case 3. If both p and n are even, then 



2p 



1. if p = 4m + 2 for some m, then it is clear from Theorem 2.1 that K{p, np — 2) is not proper. 

2. ii p = 4m for some m, then we select the regions {{i — l){p — l)2p + {Xi,X2, • • • , Xp , ((p — 

n-2 

l)(2p-l) + l)-{Xi,X2,-- - ,XH^}}},Ji,(n-2Mp-l) + {Xi,X2,-- - ,Xe,(2p-3)(p-1) + 
2 — {Xi, X2, • • • , Xp-4,}, {{p + 2 + 4i)(p — 1) + l}™o^}- ^fter making region crossing changes 
on selected regions, we are left with 



where /3 = /3i/32 • • • /3p-2 and /3j is defined as: /3i = cJ]^ cTj 
for the remaining i'^, 

if z = 1 {mod 4), f3i = aia^^cr^^cr^^ ■ ■ ■ a^^^ap^i+i ■ ■ ■ Up-i, 
if i = 2 {mod 4), /3j = cTi(J2cr3 "'^cr4 ""^ • • • (Jp^^Gp-i+i ■ ■ ■ ap-i and 
if i = or 3 {mod 4), Pi = a{^a2cr^^cr^^ ■ ■ ■ a^^^ap-i+i ■ ■ ■ dp-i. 
By Theorem |3.1[ Remark [T] and Lemma 3.2, the closure of 



a\02 ■ ■ ■ o"p-i and 



{[i\li2 - ■ ■ [i'py\V2 - ■ -Vv) 2 /Xl/i2- 




p-2 



is a trivial link. 

Observe that the number of region crossing changes is ( S 5 + S ) +S(f ) + + 



np^ — 2p 



Thus, 



UR{K{p,np)) < 



np 



2p 



□ 



Theorem 4.9. For torus links K{p, np + 3) with n > 1 
1. If p is odd, then 



UR{K{p,np + 3)) < 



n{p 



+ 



p+1 
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2. If p is even and n is odd, then 

UR{K{p,np + 3)) < 

3. If both p and n are even, then 



np^ + 2p 



+ 



P + 2 



up 



ur{K{p, np + 3)) < — + 



p+1 



Proof. Consider K{p, np + 3) as the closure of (o"i(T2 • • • (Tp_i)"P"'"'^ as in Figure 1(a). Then 



Case 1. If p is odd, then the result follows from Theorem 4.2 



Case 2. If p is even and n is odd, then p + 2 = 6m + a for some m > and < a < 6 and we select 

rt-l 

theregions{(i-l)(p-l)2p+{Xi,X2,--- ,Xe, ((p-l)(2p-l) + l)-{Xi,X2, • • • , X,_^}}}^^, , {n- 

^ 2 

l)p{p - 1) + {Xi,X2, • • • ,Xp}, {{up + 2){p - 1) - 2 - 6i}™o^ Then after making region crossing 
change on these regions, we obtain 

n-l 

where = o-i(J2 • • • crp^ia'^^^ap^-j^r, ■ ■ ■ a^^, vi = (Ti^cf^^ ■ ■ ■ cjpi.fTp_j+i • • • o-p_i and /3 = cr^^a^^ 



^ 1 ^92,1 02,2 



■^^r Vf 'Vf . . • o'^^X' with 32,, = -1 for i = {{{p- 2), (p - 3)} - 6z} 



m— 1 
i=0 



and <73,, = -1 for j = {{{p - 3), (p - 4)} - eij^o^ 



By Theorem 3.1 and Lemma [3.4[ the closure of the resultant braid is a trivial link. 

Observe that the number of region crossing changes is equal to ^"^ i "'"S ^^)+S(2 
[2+2j. Thus, 

■ p + 2 



UR(i^(p,np + 3))<^^^^^±M + 



6 



Case 3. If both p and n are even, then the result follows from Theorem 4.2 



□ 



Lemma 4.1. The closure of the braid 



1 



a-i+6'^i+V*+4crj+3 o-j+70"i+60"i+5<7i+4 «s tnma/ link. 



Proof. The proof follows elimentary braid relations. 

Theorem 4.10. For torus links K{p, np + 4) with n > 1 

1. If p is odd, then 

(a) if p = 1 or 3 (mod 8), then 



UR{K{p,np + A)) < 



+ 



(b) if p = 5 or 7 {mod 8), then 



ur{K{p, np + 4)) < ^ + 
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2. If both p and n are even, then 

(a) if p = 0,2 or 6 {mod 8), then 



2 

UR{K{p,np + A)) < ^ + |. 

(b) if p = A [mod 8), then K{p, up) is not proper. 
3. If p is even and n is odd, then 

(a) if p = {mod 4), then 

2 

UR{K{p,np + A)) < ^ + |. 

(b) if p = 2 {mod 4), then K{p, np + 4) is not proper. 

Proof. Consider K{p, np+A) as the closure of {aia2 • • • 0"p_i)"''((Ticr2CT3)'^ (74(73 • • • (71(75(74 • • • (j2 • • • (Jp-i 
ap-2 • • • crp-4 as in Figure 1(b). Also, if p = a {mod 8), then 3 m G N U {0} such that p = mp + a. 
Then 

Case 1. If p is odd, then 

1. if p = 1 {mod 8), then we select {{{i - l){p - l)p + {Xi,X2, ■ ■ ■ , Xp^}}f^^,np{p - 1) + 

{6, 10, 12, 18, {24i + {1, 3, 12, 18}}™^^}} regions. 

2. if p = 3 {mod 8), then we select {{{i - l){p - l)p + {Xi,X2, ■ ■ ■ , Xp^}}'l^^,np{p - 1) + 

{6, 10, 12, 18, {24i + {1, 3, 12, 18}}™"^\ 24m + {3}}} regions. 

3. if p = 5 {mod 8) and m / 0, then we select {{{i — l)(p— ^)p + {Xi, X2, • • • , Xp-i }}^_^,np{p — 

1) + {6, 10,12, 18,{24i + {1,3, 12, 18}}^7\ 24m + {1,3,12}}} regions and if m = 0, then we 
select {{{i-l){p-l)p + {Xi,X2,--- , Xp-i }}f^i, np(p - 1) + {6, 10, 12}} regions. 

4. if p = 7 {mod 8) and m 7^ 0, then we select {{{i — l)(p— ^)p + {Xi, X2, • • • , Xp-i }}f_i,np{p — 
1) + {6, 10, 12, 18, {24i + {1, 3, 12, 18}}™ J} regions and if m = 0, then we select {{{i -l){p- 

l)p + {Xi,X2,--- , Xp^}}ti, np(p - 1) + {6, 10, 12, 18}} regions. 

2 

Case 2. If both p and n are even, then 

1. if p = {mod 8), then we select {{{i - l){p - l)2p + {Xi, X2, ■ ■ ■ , Xe, {{p - l){2p - 1) + 1) - 
{Xi,X2, ■■■ , Xp=2 }}} -Li, np(p - 1) + {6, 10, 12, 18, {24i + {1, 3, 12, l8}}Z'i^}} regions. 

2. if p = 2 {mod 8), then we select {{{i - l){p - l)2p + {Xi,X2,--- ,Xv,{{p- l){2p ~ 1) + 

1) - {Xi, X2, • • • , Xh_2 }}}iLi, np(p - 1) + {6, 10, 12, 18, {24i + {1, 3, 12, 24m + {3}}} 

regions. 

3. ifp = 6 (mod 8) andm / 0, then we select {{{i-l){p-l)2p+{Xi,X2, ■ ■ ■ , Xe , ((p-l)(2p-l) + 

1) - {Xi, X2, • • • , Xh^}}}^!, np(p - 1) + {6, 10, 12, 18, {2Ai + {1, 3, 12, 18}}™7S 24m + {3}}} 

2 

regions and if m = 0, then we select {{{i — l){p— l)2p + {Xi, X2, • • • , Xp , {{p — l)(2p — 1) + 

n 

1) - {Xi, X2, • • • , Xp^ }}}/=!, np(p - 1) + {6, 10, 12}} regions. 



4. if p = 4 {mod 8), then it is not proper follows from Theorem 2.1 



In all the above cases, after making region crossing changes the closure of the resultant braid is 



trivial link by Theorem 4.1 and Lemma 4.1 
Case 3. If p is even and n is odd, then 
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1. if p = (mod 4), then the result follows from Theorem 4.4 



2. if p = 2 (mod)4, then the result follows from Theorem 2.1 

Theorem 4.11. For torus links K{p, np + 5) with n > 1 

1. If p is odd, and 

(a) if p = or ±1 {mod 5), then 



ur{K{p, np + 5)) < '- + 3 



p+l 



(b) if p = 2 {mod 5), then 



(c) if p = 3 {mod 5), then 



un{K{p,np + 5))<''^ + '^. 

8 5 



ur{K{p, np + 5)) < ^ + 



2. // both p and n are even, and 

(a) if p = or it 1 {mod 5), then 



np 



UR{K{p,np + 5)) < ^ + 3 



P+l 



(b) if p = 2 {mod 5), then 



(c) if p = 3 {mod 5), then 



np^ 3p — 1 
ur{K{p, np + 5)) < -— H — . 



UR{K{p,np + 5))<'^ + ^P±^. 



□ 



Proof. The proof directly follows from Theorem 4.2 Theorem 4.3 and Theorem 4.7 



□ 



5. Conclusion 

It would be interesting to extend the results obtained here to find exact region unknotting 
number for torus knots/links. This seems to be a hard problem. In [2], Ayaka showed that 
uji{K) < c{K)/2 + 1, where C{K) is the number of crossings of the knot K. Here, the sharp 
bounds provided for torus knots /links are much smaller than the upper bound c{K) /2 + 1 . In par- 
ticular, whatever be the case we considered in this paper, the upper bound we obtain, for U{i{K), 
lies between c/8 and c/5 and as p — )■ oo, the sharp upper bound provided tends to c/8. In case of 
proper K{p, np) and K{p, np + 1), we conjecture that the sharp upper bound provided in the paper 
is equal to the region unknotting number for them. 
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